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ABSTRACT

A modified perturbation scheme is developed to investigate the effect of strong
amplitude-modulated signal on the excitation of super- and sub-harmonic resonances
in a Duffing-type system. The effect of varying amplitude of the primary and mod-
ulating signals on both super- and sub- harmonic frequency-response curves of the
system have been investigated. The presence of modulating signal have been shown
to induce newly generated super-harmonic resonance of order » = 4,5, and 6 in the
system.
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1. Introduction

In recent years, Duffing-type oscillator has been extensively investigated as it is ul-
timately tends to simulate the behaviour of various physical systems [1, 2] and is
used in various other engineering problems [3]. Resonance is one of the important
dynamical phenomena exhibited by a forced nonlinear system . In the present work,
we have considered the analysis of phenomenon of resonance in Duffing-Helmholtz
system excited by an amplitude modulated signal. The analysis of primary resonance
for harmonically excited Duffing-Helmholtz oscillator has been earlier studied exten-
sively by many researchers in their respective fields [4-9]. Such an oscillator has also
been studied earlier, in connection with the non-linear stellar pulsation [10, 11] and
engineering problem [12].

In the present work, a given harmonically forced Helmholtz-Duffing system is first
transformed into a simple Duffing-type system. Using a multiple time-scales pertur-
bation method, we investigate the effect of strong forcing, i.e., strong amplitude-
modulated signal, on the newly generated secondary resonances in the transformed
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Duffing-type system. Subsequently, the frequency response curves for newly generated
secondary super-harmonic resonances have been obtained and analyzed for different
values of the amplitude of the amplitude-modulated forcing signal. In addition, the
effect of the strong amplitude-modulated signal on the sub-harmonic resonance of
order 3 has also been studied.

2. Response of the Duffing-type System to strong Amplitude
Modulated Excitation(AME) using Modified Multiple-time Scale
Perturbation Method (MMTPM)

A special type of nonlinear damped system, known as the Duffing-Helmholtz oscillator
comprises of cubic as well as quadratic nonlinear terms [8, 9, 11, 13, 14]. Such a system
is represented by

Q+210Q +wiQ + LQ* + LR = 0, (1)

where g, wg refer to the damping coefficient and the natural frequency, respectively
whereas, I; and I are the quadratic and cubic nonlinearity parameters of the system.
In absence of the quadratic nonlinearity, the above written equation represents the
Dulffing Oscillator. The restoring force of Duffing-Helmholtz oscillator is characterized
by asymmetric potential. To transform the asymmetric potential to a symmetric one,
Cardano’s transformation is applied to the Duffing-Helmholtz system and the result-
ing equation represents a Duffing-type system. We are interested in analyzing the
secondary resonances in the system which is acted upon by an amplitude-modulated

harmonic excitation, f. Applying the Cardano’s transformation, ¢(t) = Q(t) + 31712,
the system (1) will now becomes harmonically excited Duffing system
G+ 204+ Bq+ Le* = f— ko, (2)
2 _ 2 _ 1§ : _ 2 21
where Qf = wj — 37; represents the revised frequency, ko = 51> — wozg, may be
2
considered as a steady bias for the oscillator and
f = [f1 + 2g1 cos Qpst] sin Q¢ (3)

is the time dependent AME supposed to be controlling the dynamics of the system
externally.

In this work, we consider the following two settings:

(i) When the frequency of the modulation €2,/ is equal to the excitation frequency
Q, i.e., Qpy = Q and

(ii) when the frequency of the modulation ), is not equal to the excitation fre-
quency €2 and Qp << Q.

As per the above mentioned situations, the AME f would be represented by

(i) f= fisinQt 4+ ¢1sin2Qt  and (i) f = (f1 + 2¢1) sin O, (4)

respectively.
It may be noted that in situation (ii), the forcing functions appears as only har-
monically excited frequency €2 but with a scaled amplitude i.e., fi + 2¢;.
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We now intend to take up the situation (i), when Q); = Q and MMTPM will be used
for the analysis of AME induced secondary resonance in a strongly damped Duffing-
type system. In this formalism, we invoke two transformations [15]. First one involves
the transformation of the perturbation variable, €, to a new variable, o = a(e, ag), as

2
eap 4o 9
L hthat e=——" 2 5
“ 4(Q% + 3ead) sreh Hhat e a3(1—3a) (5)

where ag is the amplitude of the fundamental harmonic. Therefore for large values of
ead , the value of o — 1.
Second one involves Lindstédt-Poincaré transformation, ' = Qt [19,25,26] and fol-
lowing [11,17,27,28], square of the excitation frequency Q2 may be defined by the
following expressions, as

2 = p <Q(2) + iea%) (1+ao0),

— 02 = pQg<1_3a>(1+aa), (6)

where p is a positive real number and o is the detuning parameter [19]. Up to the first
order 2 in terms of a may be written as

1

Qo /Pl +aoy) with oy == (3+0). (7)

N |

We call o) as the modified detuning parameter.

With the introduction of the new expansion parameter, o and Q?, defined in eqgs.(5)-
(6), respectively, we analyze the response of strongly nonlinear AME excited Duffing-
type system which is now represented as follows:

D¢ + 2euq + Qg+ elg® = (fisinT + gy sin 2T) — ek. (8)

Substituting for 2, the above written equation becomes

1-3 dal 1-3
(14 ao)d” + 2nag’ + ’ g+ (; ¢ = p a(FlsinT+G1sin2T)
K

where ’ defines the derivative with respect to T'. Further, we have used the definitions,

4u82 41
n= "t I==3, Flzfl

o Gi=ZL K=, 10
atp’ a? 0z’ ! (10)



350 International Journal of Mathematics, Statistics and Operations Research

Next, the use of the multiple time-scale perturbation scheme, i.e.,

T(Ty, Th,--+) = T(Tp,aTy, ), ddT_af;OJra;TlJr..._
< = Do+aD;+--- and d—2:D2+2aDD +--- (11)
dT T2 0 o)1
(T,0) = q+oaq+---

into eq.(9) results in the following set of equations,

0 1 (F1 sin Tg + Gl sin 2T0)

[ DQQQ +-q = ) 12
0do + ’ (12)
1 2 1 2 3
a : Dygr + 5Q1 = —0Dgqo — 2D1Dyqo — 2nDoqo + ];CIO
I F1 sin T() + G1 sin 2T0 K
Ly < L NE)
p p p

Observe that eq.(12) could be viewed as a simple harmonic oscillator with nat-
ural frequency 1/,/p, excited by two superposed harmonic signals of amplitudes
Fy/p and G;/p with frequencies 1 and 2, respectively.

Solution for go(T) would now be

q0(T) = A(Tl)eiTO/\/f7 + A(Tl)e”TO/\/ﬁ + Xe'To 4 Xe~o 4 yeilo 4 ye~ilo, (14)

where
A(TY) = —a(Ty)e™); X = —iz, Y = —iy (15)
with
F1 Gl
rT=_———— and y=_———"— 15(a
2(1—p) 2(1 —4p) (15(a))

A(Ty), X and Y are complex conjugates of A(T}), X and Y, respectively. Using
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eq.(14) into eq.(13) along with eqgs.(15) results in the following expression, as

1 a a a I(1

Digi+-q = [ 0+3)—i—+—¢ —i—n—3= {a2+x2—|— Q}a]

o+ o 37+ 3) 7 fcb OV R IS y
% ilTo/vPt+e)

3 I 3R]
- 1 |:O'.’E—|—2i77$+l’—3.’,17{1‘ + e’¢+2y }+1] oiTo
p p 2 2p
3 I 3G ‘
- 1 [4ay+4iny—|—y—3y{y 4 2 e%® 4 942 }+ 1] 2iTo
P P 2 2p

3
_ L [aéeS(iTo/\/ﬁ+¢) + {x — 3y }631T0 1 3a2yeliTo 4 33y2e5iT0
p

LT - 3L [axy{ i{(1/vp-1)To+} +ei{(1/ﬁ+1)To+¢>}H
n 27[{ { (1/v/p—2) To+¢}+€z{(1/f+2)To+¢>}H

p
n 21[ 2l Optore) g 0T L]

s

L ZI [a% {ei{(wml)num_ez‘{(2/\/ﬁ+1)To+2¢}H

b i; [a2y {00749} _ (/v ool )]

i 37 [axy{ei{(l/\/ﬁ—S)To-Hﬁ} +€z‘{(l/\/m?))Tom}H +ce — 5’ (16)
p p

Here ’ corresponds to the derivative of the argument with respect to time 7;. It may

be observed that eq.(16) further provides the general secular term as

24—l Ly “n—if {

2 VARV AN 3

1a2 + 2% + y2} =0. (17)
Equation (17) suggests that the sub-harmonic resonance of order three, i.e., | = 3
and the super-harmonic resonances of orders, r = 3, 4, 5, 6, are present for the
AME excited Duffing-type system. Here, because of the presence of modulating signal,
new super-harmonic resonance of order r = 4,5 and 6 are observed in the frequency-
response of the system.

2.1. Super-harmonic Resonance

In the case of third order super-harmonic resonance (r = 3), the secular term also
includes the coefficient of exp(3iTy) and hence, the complete secular term would be

a 1a’ a ia 37 il »
—oy——+—¢ ——n-— { a’+x —i—y} a— — {a® — 3xy?} elleom =) —
p vP VP VP P8 p { }

351
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Putting aoyr — ¢ = 7, the secular term would be

<1+ 1) a’+ a_, @ 3I {1 2 2 2}
a|l—4+-—=)ouw—i—(=+—y —i—=n — —aqga +2°+y
p P vP /P VP p (8

— z;; {mg — 3:Uy2} e’ =0. (18)

Now equating real and imaginary parts of eq.(18), we get

1 1 a 3[{ } I 4 27 .

al—+—|om——=7 a>+ 22 +y?y a+ — {23 —3xy* siny =0, (19

(p \/17> VP p 8 p{ j (19)
1

in ap+p{x — 32y%} cosy = 0. (20)

In steady state condition, last two equations, eqs.(19) and (20), reduce to

Orderr=3, "= 0.25, ¢ = 0.8, o = 0.12931, O = 0.97297, 1= 4,9,= 0.2 Orderr=3, 1 0.25, ¢ 05,(x=0.|2931.SZO=0497297,I=4.Q‘=0.2
T T T T T T T
p=15 =12 [ p 15
1 Il
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Figure 1. Frequency Response curves for r = 3 Figure 2. Frequency Response curves for r = 3
with p = 1.5 and Qp; = Q. with p = 1.5 and Qp; << Q.
a I (1 I . . .
—(1+p)om —3— {a2 + 2?2 + y2} a=—— {:L'3 — 3xy2} sin 7, (21)
p p (8 p
a 1
—n=—={2° = 3zy”} cos . (22)

VD D

The modified detuning parameter, o, in the case of super-harmonic resonance of

order r = 3, is given by
242 1/2
31 (a +a’ty ) + { af (22— 3y%)° — 772p} (23)

We have plotted the frequency response curves for both the situations, i.e., Q) = Q
and Qy << Q for comparison. Figures (1) and (2) are plotted for different values
of f1 with p = 1.5 which further clearly shows the distinction between the responses
in the two cases sited earlier. Fig. 3 further illustrates the frequency response, for
the case Q) = (Q, obtained for p = 1.35. To observe the effect of the amplitude of
modulation, the frequency response curves are plotted for gy = 0 and 5 for fixed
value of fi(=1) and p(= 1.5) (Fig. 4). It is found that the absence of g; reduces the
amplitude, remarkably.

The increase in non-linearity parameter I, increases the amplitude and the resonant
frequency, as well. Comparing the plots with different values of p, with p = 1.5 (Fig.5)

1
1+ p

oM =
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Figure 3. Frequency Response curves for r = 3 Figure 4. Frequency Response curves for r = 3
and different values of f;. and different values of g;.

and with p = 1.35 (Fig. 6), for varying I, it is observed that for larger value of p,
the amplitude as well as, the resonant frequency are less, compared to smaller values
of p. The coefficients of e*70, €70 and €570 contribute to the secular terms for the

Orderr=3 ;1 =0.25,¢=08, I1 = I,g1 =02 Orderr=3 p=0.25, e:D.B,f‘ :1,9‘ =02

14 p=135 4

1,=08
2,=09661 —=
351 a=0.1304

g 12F 1,208 1,=10 ]
1,=10 2y=0.9661 ———= < 0,=09730
“——0,=09730 10 «=0.1304 «=01203 o
@=01293 1
+ 8 1,205 1
° 0,=0.9452
«=01339

M M
Figure 5. Frequency Response curves for r = 3 Figure 6. Frequency Response curves for r = 3
with p = 1.35 and different values of I5. with p = 1.5 and different values of Is.

newly generated 4th, bth and 6th order super-harmonic resonances for r = 4,5 and
6, respectively. Therefore, the modified detuning parameter o,; for super-harmonic
resonances in different cases could be written, respectively, as:

Super-harmonic Resonances of order » =4, 5 and 6

1 1 31 2%y d
ou(r=4)= W 31 <8a2 + 2% + y2> + <ay> —’p ’ (24)
1 1 31 xy?\? d
om(r=>5)= W 31 (8a2 + 2% + y2> + <ay> —n’p , (25)
L -
1 Loy 2, 2 Iy\? 2 |
O'M(T:6):W 31 37 +at+y |+ o ) TP : (26)

The plotted frequency response curves for super-harmonic resonance of order r = 4
also suggests an increase in the amplitude and the resonant frequency with increase
in the amplitude f; of the excitation (figs. 7 & 8), as in the case of r = 3.

The frequency response curves for » = 5 and 6 (Figs. 9 & 10), show that an increase
in excitation amplitude produces an increase in resulting amplitude and the resonant
frequency, but, jump-up and jump-down phenomena are not observed for the given
parameters.
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Figure 7. Frequency Response curves for r = 4
with p = 1.5.
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Figure 9. Frequency Response curves for r = 5.

2.2. Sub-harmonic Resonances
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Figure 8. Frequency Response curves for r = 4
with p = 1.35.
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Figure 10. Frequency Response curves for » = 6.

For the system we have considered, only a single sub-harmonic resonant state, i.e.,
of order [ = 3, is present. For | = 3, the secular term generated will include the

coefficient of et=#2/vP=UTo} " which is
this case would be
» . a
o — e — ——
Y RN AN
where v = o171 — 3¢.

a ’

M_i

NG

—%AQX . Therefore, now the secular term in

I 1 I )
_ 3l e +a? s — i3 e = 0.
p (8 4p

Equating real and imaginary parts from the above equation to zero, we obtain

1 3+ 31
' = 7\/ﬁaaM - —
p

—a
3/ 3p
a a 31

VP VP 4p

= n+ ——a’xcosn.

In steady state conditions, eqgs.(27) and (28) reduce to

3
—;)\/T)CLO'M —3[{1

14 8

31
{8a +a2? +y } a+@a2xsin% (27)
(28)
I
CL2 4 1'2 + y2} a = —3—CL2.’L' Sin'}/, (29)
4p
I
= 3 2 cosy, (30)

VP dp

and ultimately, we arrive at the expression for o), for sub-harmonic resonance of order

of Mathematics, Statistics and Operations Research
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[ =3, as

N[

3 1 31 2
- 72 2 2 :t - - 2 . ].
oM 55 b 31{8a +z —i—y} <4a9c> n°p (31)

The frequency response curves for sub-harmonic resonance of order I = 3 for different
values of excitation amplitude f; and nonlinearity parameter I, are plotted for two
settings, i.e., Qyr = Q and Q) << Q. It is observed that the critical frequency gets
shifted towards higher values for 2); << € compared to the situation when Q,; = Q
(Fig. 11 - 14).

Order1=3, 4 =0.25¢=08, o =0.12931, ﬂu =0.97297,1=4,9,=0.2 Order /=3, 1=0.25,¢=038, a=0.12931, Q,=0.97297,1=4,9,= 0.2
T T T T T T T T T T T
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7k 9=
i+
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ot
1 1
A sl
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P
Figure 11. Frequency Response curves for | = 3 Figure 12. Frequency Response curves for | = 3
with Qpr = Q. with Qpr << Q.
Order|=3, =025¢=08,f =1, g =02 Order1=3, ;=025 c=08,f =1,g,=02
p=15 1,=05 p=15 _
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1,=05 a=0.1304
+ 2y =0.9452
© @=0.1339

Figure 13. Frequency Response curves for [ = 3 Figure 14. Frequency Response curves for [ =3
with Qpr = Q. with Qpr << Q.

3. Concluding remarks

In this work, we have developed a frame-work to study the effect of harmonically
excited nonlinear oscillator viz., Duffing-type oscillator on the secondary resonances
of the system when the excitation amplitudes are very large. The framework involves
mainly two steps. First one redefining the new expansion parameter, a, that takes
care of very large amplitude of the excitation and second one involves the Lindestedt-
Poincare transformation involving the primary frequency of excitation. Along with the
multi-time scale perturbation, we find the analysis to be able to handle the setting
where perturbation are strong enough to excite newly generated secondary resonances
viz., super-harmonic resonances of order r = 4,5, and 6 in the system. Limiting
ourselves to first order perturbation in terms of the new expansion parameter, o, we
obtained analytical expression for the shift in super-harmonic resonance frequency of
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order r = 3,4, 5, and 6. The frequency -response curves exhibiting hysteresis effect for
various parameters are shown in Fig. 1-6. Fig.9 & 10 further illustrate the absence
of the hysteresis effect for the specific parameters chosen. In case of sub-harmonic
resonance of order | = 3, the frequency response curves (Fig.11 & 12) indicate a
shift in the critical frequency as the parameter, fi, values get increased for setting (i)
and (i7). Further, the frequency response curves obtained in Fig.13-14 shows that for
given values of fi, g1, the critical frequency also exhibits a shift with increase in the
nonlinearity parameter, Is, of the Duffing-type system. In a subsequent report , we
plan to extend the work to higher order in the expansion parameter.
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